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Abstract
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cently methods (e.g. Dufour, 1997; Kleibergen, 2002; Moreira, 2003) have been
developed for statistical inference when the instruments are weakly correlated
with the endogenous regressor so that estimates are biased and no longer asymp-
totically normally distributed. This paper extends such inference to the case
where two separate samples are used to implement instrumental variables esti-
mation, as introduced by Klevmarken (1982) and Angrist and Krueger (1992,
1995). We also relax the restrictive assumptions of homoskedastic error struc-
ture and equal moments of exogenous covariates across two samples commonly
employed in the two-sample IV literature for strong IV inference (cf. Inoue and
Solon, 2010). Monte Carlo experiments show good size properties of the pro-
posed tests regardless of the strength of the instruments. We apply the proposed
methods to two seminal empirical studies (Olivetti and Paserman, 2015; Currie
and Yelowitz, 2000) that adopt the two-sample IV framework.
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1. Introduction

Conventional instrumental variables (IV) regression requires that the dependent variable,

the endogenous regressor, and the instruments come from the same dataset; but in many

cases, researchers can only observe the dependent variable and the endogenous regressor in

two separate data samples. In such situations, Klevmarken (1982) and Angrist and Krueger

(1992, 1995) propose the two-sample instrumental variable (TSIV) and the two-sample two-

stage least squares (TS2SLS) estimators, and these methods have been since adopted by

many applied researchers. For example, Björklund and Jäntti (1997) use the methodology

to estimate intergenerational income correlations in Sweden; Miguel (2005) estimates the

impact of income shocks on murder in rural Tanzania; Feldman (2010) studies policy effects

of the 1992 decrease in U.S. federal income tax withholding; Brunner et al. (2012) examine

the impact of inter-district choice programs on housing values and residential location choices;

Siminski (2013) estimates the effect of army service on employment outcomes; and Olivetti

and Paserman (2015) estimate the historical intergenerational elasticities between fathers

and children of both sexes in the U.S.

Under suitable assumptions, the TSIV and the TS2SLS estimators are consistent for the

coefficient of the endogenous regressor. Inoue and Solon (2010) study the inference of both

estimators and show that the TS2SLS estimator is asymptotically more efficient. However,

the inference procedure discussed in Inoue and Solon (2010) relies on the assumption of

strong identification. When the instruments are weak, the TS2SLS estimator, just like the

classic (one-sample) 2SLS estimator, is no longer asymptotically normally distributed, inval-

idating the conventional inference methods based on normal approximation. Furthermore,

the TS2SLS estimator can be viewed alternatively as an ordinary least square (OLS) estima-

tor with a generated regressor that has classical measurement error. Therefore, the TS2SLS

estimator suffers from the classic attenuation bias that is larger when the first stage effect is

weaker. For both reasons, the standard inference method of Inoue and Solon (2010) is not
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suitable for empirical studies involving weak instruments.

In this paper, we consider weak-instrument robust inference methods for two-sample

linear IV regression models. Existing inference methods developed for one-sample IV re-

gression models, such as the Anderson-Rubin (AR) test (Dufour, 1997; Staiger and Stock,

1997; Dufour and Jasiak, 2001; Andrews et al., 2015, among others), the Kleibergen (K) test

(Kleibergen, 2002), and the conditional likelihood ratio (CLR) test (Moreira, 2003; Andrews

et al., 2006, 2008; Moreira, 2009, among others) are not directly applicable to the two-sample

IV regression because the outcome variable and the endogenous regressor are not observed

in the same dataset. We extend the AR, K, and CLR tests from one-sample IV regression

to the two-sample setting. We derive the asymptotic properties of the proposed two-sample

test statistics and show that the proposed tests control size asymptotically even under weak

identification. The proposed tests are then inverted to construct confidence sets for the

coefficient on the endogenous regressor.

Both homoskedastic and heteroskedastic error structures are considered in this paper.

We start with the simple case of homoskedasticity to facilitate a direct comparison with

the classic two-sample IV estimation method discussed in Angrist and Krueger (1992, 1995)

and Inoue and Solon (2010). We then extend the methods to allow for more general error

structure. There, we also relax the assumption of equal moments of exogenous covariates

across two samples that is commonly employed in the two-sample IV literature.

Monte Carlo simulations show that the conventional t-test in Inoue and Solon (2010)

based on the TS2SLS estimator fails to control size when the instruments are weak, while

the proposed tests have good size properties regardless of the strength of the instruments.

When the instruments are in fact strong, the proposed tests have similar power performance

when compared to the conventional TS2SLS t-test. Monte Carlo simulations also show that

with most data generating processes (DGPs) the proposed two-sample CLR test dominates

the two-sample AR and K tests in power. But the power of the two-sample AR test could
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outperform the other two tests under certain circumstances. This is in line with the findings

in Marmer and Yu (2016) on the comparison between one-sample AR and CLR tests.

In the empirical section, we apply the proposed methods to study the historical inter-

generational mobility in the United States following Olivetti and Paserman (2015) and the

impact of public housing participation on housing quality and educational attainment of

children following Currie and Yelowitz (2000). In the first empirical example, the proposed

methods find substantially different patterns of intergenerational mobility, as the original

TS2SLS estimates become unreliable in the presence of weak first stage effect. Instead of

finding two jumps in father-son-in-law elasticity in 1870-1880 and 1900-1920 as in Olivetti

and Paserman (2015), our results find that the elasticity keeps roughly unchanged in the

second half of the 19th century and then goes downward in the first 30 years of the 20th

century. In the second empirical example, our new inference method confirms all the ma-

jor findings of Currie and Yelowitz (2000) that households who participate in the housing

projects are less likely to be overcrowded, or live in high-density complexes, and that children

in these households are less likely to be held back. However, quantitatively, the proposed in-

ference methods often generate confidence intervals somewhat different from those previously

reported, especially in specifications where the first stage effect is weak.

The rest of the paper is organized as follows. Section 2 formalizes the two-sample IV

regression model and proposes the two-sample AR, K, and CLR tests and their associated

confidence sets. Section 2 also links the proposed tests with the conventional TS2SLS t-

test and derives the attenuation bias of the TS2SLS estimator. Section 3 demonstrates the

size, power, and coverage properties of the proposed two-sample AR, K, and CLR tests and

confidence sets using Monte Carlo simulations. Section 4 applies the proposed methods to

two empirical examples and section 5 concludes.
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2. Model and Methodology

2.1. Benchmark Model and Tests

We use subscript 1 to denote random variables in the first dataset with sample size n1 and

subscript 2 to denote random variables in the second dataset with sample size n2. Consider

a two-sample instrumental variables regression model with one endogenous regressor and

multiple instrumental variables,

y1 = w1β +X1γ1 + ε1,

w1 = Z̃1π +X1ψ1 + ε1,

w2 = Z̃2π +X2ψ1 + ε2,

where y1 is a n1× 1 vector of dependent variable; w1 and w2 are n1× 1 and n2× 1 vectors of

endogenous variables; Z̃1 and Z̃2 are n1×k and n2×k matrices of the k instruments; X1 and

X2 are n1× p and n2× p matrices of exogenous regressors and ε1, ε1, and ε2 are unobserved

errors. The endogenous variable in the first sample, denoted as w1, is unobserved as in the

two-sample set-up in Angrist and Krueger (1992, 1995).

Following notations in Andrews et al. (2006) (later as AMS06), define Z̄1 = [Z̃1 : X1] and

Z̄2 = [Z̃2 : X2]. Let y1i, w1i, w2i, Z̃1i, Z̃2i, X1i, X2i, Z̄1i, Z̄2i, ε1i, ε1i, and ε2i denote the i-th

rows of y1, w1, w2, Z̃1, Z̃2, X1, X2, Z̄1, Z̄2, ε1, ε1, and ε2, respectively, written as scalars or

column vectors. We make the following assumptions.

Assumption 1. 1. IID Data: {[y1i Z̄
′
1i]}

n1
i=1 and {[w2i Z̄

′
2i]}

n2
i=1 are i.i.d. random vectors

with finite fourth moments and are independent. n1/n2 → τ for some fixed τ > 0, as

n1, n2 →∞.

2. Exclusion Restriction: E[ε1i|Z̄1i] = 0; E[ε1i|Z̄1i] = 0; E[ε2i|Z̄2i] = 0.

3. Homoskedasticity: E[u2
1i|Z̄1i] = σ2

u1
> 0, where u1i = ε1i + βε1i; E[ε2

2i|Z̄2i] = σ2
ε2
> 0.
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4. Equal Moments: E[Z̄1iZ̄
′
1i] = E[Z̄2iZ̄

′
2i] = D where D is a p.d. (k+p)× (k+p) matrix.

5. Weak IV: For some non-stochastic k-vector C, π = C/
√
n1; β is fixed for all n1.

Assumptions 1.1-1.4 follow from Inoue and Solon (2010). But instead of assuming strong

identification as in Assumption (e) of Inoue and Solon (2010), we follow AMS06 and make the

weak-IV assumption in Assumption 1.5. Assumptions 1.3 and 1.4 on homoskedasticity and

equal moments of exogenous covariates could be overly restrictive in applications. We impose

these two assumptions here to facilitate the comparison between the proposed method and

the classic strong IV inference discussed in Inoue and Solon (2010). We will relax these two

assumptions in Section 2.5.

For any matrix X, we denote X(X ′X)−1X ′ as PX and define MX = I−PX . Following the

literature (AMS06, Andrews et al., 2008; Moreira, 2009, among others), define Z1 = MX1Z̃1

and Z2 = MX2Z̃2 such that Z ′1X1 = 0 and Z ′2X2 = 0. The model can then be rewritten as,

y1 = w1β +X1γ1 + ε1,

w1 = Z1π +X1ψ
∗ + ε1,

w2 = Z2π +X2ψ + ε2,

where ψ∗ = ψ1 + (X ′1X1)−1X ′1Z̃1π and ψ = ψ1 + (X ′2X2)−1X ′2Z̃2π. Partition the moment

matrix D such that D =

 D11 D12

D21 D22

, where D11, D12, D21, and D22 are respectively

k × k, k × p, p × k and p × p submatrices. Assumption 1.4 implies that Z ′1Z1/n1
p→ D11 −

D12D
−1
22 D21 ≡ ΣZZ .

We are interested in testing the two-sided null hypothesis of the usual form: H0 : β = β0

versus Ha : β 6= β0 with some pre-determined significance level α, and constructing the

(1− α)× 100% confidence set for the population parameter β.

We now propose the two-sample version of AR, K, and CLR tests for the population
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parameter β. Let ŵ1 = Z1π̂ + X1ψ̂, where π̂ and ψ̂ are OLS estimators from first stage

regression of w2 on Z2 andX2. Let γ = γ1+ψ∗β, u1 = ε1+βε1, and v1 = Z1(π̂−π)+X1(ψ̂−ψ).

We have the following reduced-form simultaneous equations, written in the matrix form as

Y1 = Z1πa
′ +X1η + V1,

where Y1 = [y1 ŵ1], V1 = [u1 v1], a = [β 1]′, and η = [γ ψ]. Note that since Z ′1X1 =

Z ′2X2 = 0 by construction, v1 = Z1(Z ′2Z2)−1Z ′2ε2 +X1(X ′2X2)−1X ′2ε2, so the error term V1 is

heteroskedastic. It turns out that this specific form of heteroskedasticity does not prevent

vec(Z̄ ′1V1) to have a kronecker product representation (see Lemma 1 in the appendix), which

is crucial to the proposal of the following two-sample AR, K, and CLR test statistics.

Define a p.d. matrix Ω =

 σ2
u1

0

0 σ2
ε2
τ

. Let b0 = [1 − β0]′, a0 = [β0 1]′. Define

consistent estimators σ̂2
u1

= y′1M[Z1:X1]y1/(n1 − k − p) and σ̂2
ε2

= w′2M[Z2:X2]w2/(n2 − k − p)

for σ2
u1

and σ2
ε2

, respectively. Let Ω̂ =

 σ̂2
u1

0

0 σ̂2
ε2
n1/n2.

, then it is easy to show that

Ω̂
p→ Ω. Define statistics

Ŝn = (Z ′1Z1)−1/2Z ′1Y1b0/(b
′
0Ω̂b0)1/2, T̂n = (Z ′1Z1)−1/2Z ′1Y1Ω̂−1a0/(a

′
0Ω̂−1a0)1/2,

Q̂S = Ŝ ′nŜn, Q̂T = T̂ ′nT̂n, Q̂ST = Ŝ ′nT̂n, Q̂ =

 Q̂S Q̂ST

Q̂ST Q̂T

 .

The following theorem establishes the asymptotic properties of the above statistics.

Theorem 1. Let S∞ ∼ N
(
cβΣ

1/2
ZZC, Ik

)
and T∞ ∼ N

(
dβΣ

1/2
ZZC, Ik

)
, where cβ = (β − β0) ·

(b′0Ωb0)−1/2 and dβ = a′Ω−1a0 · (a′0Ω−1a0)−1/2. Let QS,∞ = S ′∞S∞, QT,∞ = T ′∞T∞, and

QST,∞ = S ′∞T∞. Under Assumption 1,

1. (Ŝn, T̂n)⇒ (S∞, T∞), where S∞ and T∞ are independent.
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2. Q̂⇒ Q∞ =

 QS,∞ QST,∞

QST,∞ QT,∞

, which follows a noncentral Wishart distribution with

noncentrality matrix C ′ΣZZC

 c′βcβ c′βdβ

d′βcβ d′βdβ

.

Following the forms of AR, K, and CLR test statistics defined in AMS06, we define

T1 = Q̂S, T2 = Q̂2
ST/Q̂T ,

T3 =
1

2

[
Q̂S − Q̂T +

[(
Q̂S + Q̂T

)2

− 4
(
Q̂SQ̂T − Q̂2

ST

)]1/2
]
.

We call T1 the two-sample AR (TSAR) statistic, T2 the two-sample K (TSK) statistic and

T3 the two-sample CLR (TSCLR) statistic. Under the null H0 : β = β0, QS,∞ follows a

χ2 distribution with k degrees of freedom so we reject the null if T1 > q1−α(k), the (1 − α)

quantile of the χ2(k) distribution. In contrast, the limiting distribution of T2, or Q2
ST,∞/QT,∞,

follows a χ2(1) distribution under the null, so we reject the null if T2 > q1−α(1).

The asymptotic distribution of T3 is more complicated. When k = 1, T3 reduces to T1

and we reject the null if T3 > q1−α(1). When k ≥ 2, following Andrews et al. (2007) (later

as AMS07), we define the p-value function for the test as

p(m; qT ) = 1− 2K

∫ 1

0

P

[
χ2
k <

qT +m

1 + qT s2
2/m

]
(1− s2

2)(k−3)/2ds2,

where K = Γ(k/2)/
[
π1/2Γ((k − 1)/2)

]
and χ2

k is a random variable following a χ2 distribu-

tion with k degrees of freedom. We reject the null if p
(
T3; Q̂T

)
is smaller than the significance

level α. Guidance on the numerical integration in the p-value function is provided in AMS07.

Let T3,∞ = 1
2

[
QS,∞ −QT,∞ +

[
(QS,∞ +QT,∞)2 − 4

(
QS,∞QT,∞ −Q2

ST,∞
)]1/2]

. The fol-

lowing proposition summarizes the asymptotic property of the proposed tests.

Proposition 1. Under Assumption 1, the following asymptotic results hold.
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1. When H0 is true, we have that P [T1 > q1−α(k)] → α, P [T2 > q1−α(1)] → α, and

P
[
p
(
T3; Q̂T

)
< α

]
→ α as n1, n2 →∞.

2. When H0 is false, we have that P [T1 > q1−α(k)]→ P [QS,∞ > q1−α(k)], P [T2 > q1−α(1)]→

P
[
Q2
ST,∞/QT,∞ > q1−α(1)

]
, and P

[
p
(
T3; Q̂T

)
< α

]
→ P [p (T3,∞;QT,∞) < α] as n1, n2 →

∞.

2.2. Relationship to the t-test based on the TS2SLS Estimator

Let β̂TS2SLS denote the two-sample 2SLS estimator,

β̂TS2SLS = (ŵ′1MX1ŵ1)−1ŵ′1MX1y1 = (ŵ′1ŵ1)−1ŵ′1y1.

The second equality holds because Z ′1X1 = 0. To calculate the standard error of β̂TS2SLS,

Inoue and Solon (2010) propose to account for the estimation error in the first stage by

inflating the second stage standard error by
[
1 + (n1/n2)β̂2

TS2SLS (σ̂ε2/σ̂u1)
2
]1/2

. The adjust-

ment works well when the instruments are strong but is unreliable when the instruments are

weak since β̂TS2SLS then becomes inconsistent. In this section, we discuss the relationship

between the proposed TSAR, TSK, and TSCLR tests and the conventional t-test based on

the TS2SLS estimator.

The Special Case of k = 1

When k = 1, the proposed tests are identical to a null-imposed t-test based on the TS2SLS

estimator. This equivalence result is similar to the finding in Feir et al. (2015) under the

(one-sample) regression discontinuity set-up, where there is always one endogenous variable

and only one instrument.

First, we know that when k = 1, both Ŝn and T̂n are scalar random variables and hence
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Q̂SQ̂T = Q̂2
ST . The TSK and TSCLR tests reduce to the TSAR test because

T2 = Q̂2
ST/Q̂T = Q̂S = T1,

T3 =
1

2

[
Q̂S − Q̂T +

[(
Q̂S + Q̂T

)2

− 4
(
Q̂SQ̂T − Q̂2

ST

)]1/2
]

=
1

2

[
Q̂S − Q̂T +

[(
Q̂S + Q̂T

)2
]1/2

]
= Q̂S = T1.

For testing the null hypothesis H0 : β = β0, a null-imposed t-test is a t-test with the null

condition β = β0 imposed in calculating the standard error of β̂TS2SLS. When k = 1,

tTS2SLS,null =

∣∣∣β̂TS2SLS − β0

∣∣∣
(ŵ′1ŵ1)−1/2

[
σ̂2
u1

+ n1/n2β2
0 σ̂

2
ε2

]1/2 =
|(ŵ′1ŵ1)−1ŵ′1(y1 − ŵ1β0)|

(ŵ′1ŵ1)−1/2
[
σ̂2
u1

+ n1/n2β2
0 σ̂

2
ε2

]1/2
=

|π̂Z ′1(y1 − ŵ1β0)|
(π̂2Z ′1Z1)1/2

[
σ̂2
u1

+ n1/n2β2
0 σ̂

2
ε2

]1/2 =
|Z ′1(y1 − ŵ1β0)|

(Z ′1Z1)1/2
[
σ̂2
u1

+ n1/n2β2
0 σ̂

2
ε2

]1/2
=
∣∣∣(Z ′1Z1)−1/2Z ′1Y1b0/(b

′
0Ω̂b0)1/2

∣∣∣ = |Ŝn| = Q̂
1/2
S .

The null imposed t-test has the same decision rule as the proposed TSAR, TSK and TSCLR

tests because when k = 1 the critical value for T1, T2, and T3 is the (1 − α)−th quantile of

the χ2(1) distribution, and that for tTS2SLS,null is the (1 − α/2)−th quantile of the N (0, 1)

distribution.

Significance Test of β

For any positive integer k, when we consider the special null hypothesis H0 : β = 0, the

TSK test is equivalent to the null-imposed t-test based on the TS2SLS esitmator. This

is because when β0 = 0, Ŝn = (Z ′1Z1)−1/2Z ′1Y1b0/(b
′
0Ω̂b0)1/2 = (Z ′1Z1)−1/2Z ′1y1/σ̂u1 , and

9



T̂n = (Z ′1Z1)−1/2Z ′1Y1Ω̂−1a0/(a
′
0Ω̂−1a0)1/2 = (Z ′1Z1)−1/2Z ′1ŵ1/(n1/n2σ̂

2
ε2

)1/2 and therefore,

t2TS2SLS,null = β̂2
TS2SLS/

[
σ̂2
u1
/(ŵ′1ŵ1)

]
= (ŵ′1y1)2/

[
(ŵ′1ŵ1)σ̂2

u1

]
,

T2 = Q̂2
ST/Q̂T = [y′1Z1(Z ′1Z1)−1(Z ′1ŵ1)]2/[ŵ′1Z1(Z ′1Z1)−1(Z ′1ŵ1)σ̂2

u1]

= (ŵ′1y1)2/
[
(ŵ′1ŵ1)σ̂2

u1

]
= t2TS2SLS,null.

2.3. Confidence Sets

An important use of the proposed tests is to construct confidence sets of β. If we label the

two-sample AR, K, and CLR test statistics, as well as the Q̂T statistic by the null hypothesis

to be tested, (e.g. using T1(β0), T2(β0), T3(β0), and Q̂T (β0) to denote the test statistics for

testing H0 : β = β0), then the (1 − α) × 100% confidence sets for β can be obtained by

inverting the corresponding tests. Define

CI1(α) = {β0 : T1(β0) ≤ q1−α(k)},

CI2(α) = {β0 : T2(β0) ≤ q1−α(1)},

CI3(α) = {β0 : p
(
T3(β0); Q̂T (β0)

)
≥ α}.

The confidence sets, since inverted from asymptotic valid tests under the weak IV asymp-

totics, have correct coverage in the limit. Specifically, we have that, for all non-stochastic C,

lim
n1,n2→∞

inf
β
Pβ,π=C/

√
n1 [β ∈ CI1(α)] = 1− α. Similar results also hold for CI2(α) and CI3(α).

When the instruments are weak, the confidence sets could be unbounded, which is an essen-

tial property for confidence sets to have correct coverage with arbitrarily weak instruments

(Dufour, 1997). Similar to the classic one-sample AR, K, and CLR confidence sets (see

Mikusheva and Poi, 2006), when k ≥ 2, conditional on having a bounded confidence set, the

TSK confidence set takes the form of a union of two finite intervals, for [x1, x2] ∪ [x3, x4],

while the TSAR and TSCLR confidence sets take the usual form of finite interval, or [x1, x2].
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Therefore, in practice, the TSK confidence set is not recommended.

In the previous section, we showed that the null-imposed t-test is identical to the proposed

weak-IV robust tests when k = 1. In that case, inverting null-imposed t-test also generates

the same confidence set as the proposed methods, although inverting the standard t-test

(which gives the standard TS2SLS confidence interval) is still invalid under weak instruments.

When k ≥ 2, inverting null-imposed t-test is no longer valid under weak instruments and

researchers are recommended to use the proposed confidence sets to obtain correct asymptotic

coverage when the instruments are not very strong.

2.4. Two-sample 2SLS and Its Attenuation Bias Under Weak IV

The TS2SLS estimator can be reformulated as

β̂TS2SLS = (ŵ′1ŵ1)−1ŵ′1y1 = (ŵ′1ŵ1)−1ŵ′1((ŵ1 − v1)β + u1)

= β − β(ŵ′1ŵ1)−1ŵ′1v1 + (ŵ′1ŵ1)−1ŵ′1u1.

Following calculations in Staiger and Stock (1997), we can approximate the bias of the

TS2SLS estimator under the weak IV asymptotics by

E[β̂TS2SLS − β] ≈− β
τσ2

ε2
k

C ′ΣZZC + τσ2
ε2
k
. (1)

Derivations are given in the appendix.

Notice that
τσ2
ε2
k

C′ΣZZC+τσ2
ε2
k

=
(

1/τC′ΣZZC/k
σ2
ε2

+ 1
)−1

=
(

plim
π̂′Z′2Z2π̂/k

σ̂2
ε2

+ 1
)−1

, where
π̂′Z′2Z2π̂/k

σ̂2
ε2

is the first stage F-statistic of the TS2SLS regression. Equation (1) then implies that, similar

to the one-sample 2SLS, bias of the TS2SLS regression could also be approximated by the

first stage F-statistic. The key difference is that a weak first stage biases the classic 2SLS

estimator toward the OLS estimator but biases the TS2SLS estimator toward zero.
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The bias of the TS2SLS estimator is first discussed in Angrist and Krueger (1995) using

the name of attenuation bias.1 The name comes from the fact that the TS2SLS estimator

is also an OLS estimator of y1 on the generated regressor ŵ1. Notice that equation (1) also

implies that the expectation of the TS2SLS estimator, E[β̂TS2SLS], could be approximated

by C′ΣZZC
C′ΣZZC+τσ2

ε2
k
β. The fraction C′ΣZZC

C′ΣZZC+τσ2
ε2
k

is then the signal-to-total variance ratio (intro-

duced by Hausman, 2001 in the measurement error context) of the generated regressor ŵ1.

The larger the signal C ′ΣZZC, the smaller the attenuation of the TS2SLS estimator.

2.5. Extension: Heteroskedasticity and Unequal Moments of Exogenous Covariates

Results derived thus far rely on Assumption 1, particularly on Assumtpion 1.3 which as-

sumes homoskedastic error structure and Assumption 1.4 which imposes equal moments of

the exogenous covariates across two samples. Both assumptions are standard in the two-

sample IV regression literature (e.g. Inoue and Solon, 2010). In this section, we relax both

assumptions and extend the benchmark inference procedure proposed earlier. Specifically,

we replace Assumptions 1.3 and 1.4 with the following Assumptions 1.3’ and 1.4’.

Assumption 1.3’: General covariance structure: E[u1u
′
1|Z̄1] = Ωu1 , E[ε2ε

′
2|Z̄2] =

Ωε2 , where Ωu1 is a n1 × n1 p.d. matrix and Ωε2 is a n2 × n2 p.d. matrix. Assume that

Z ′1Ωu1Z1/n1
p→ Σz,u1 and Z ′2Ωε2Z2/n2

p→ Σz,ε2 , where both Σz,u1 and Σz,ε2 are p.d. k × k

matrices.

Assumption 1.4’: Moments of Exogenous Covariates: E[Z̄1iZ̄
′
1i] = D1, E[Z̄2iZ̄

′
2i] = D2

where both D1 and D2 are p.d. (k + p)× (k + p) matrices.

For both l = 1, 2, partition the variance-covariance matrixDl such thatDl =

 Dl,11 Dl,12

Dl,21 Dl,22

,

1Angrist and Krueger (1995) derived the bias term as the probability limit of the TS2SLS under group
asymptotics. We adopt the weak IV asymptotics framework as in Staiger and Stock (1997), which is in
line with Assumption 1.5 and also gives more direct characterization of the asymptotic distribution for the
TS2SLS estimator under weak IV.
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where Dl,11, Dl,12, Dl,21, and Dl,22 are respectively k × k, k × p, p × k and p × p subma-

trices. Then, for both l = 1, 2, Z ′lZl/nl
p→ Dl,11 − Dl,12D

−1
l,22Dl,21 ≡ Σl,ZZ , and we know

that V [Z ′1u1/
√
n1] = Z ′1Ωu1Z1/n1

p→ Σz,u1 , and V [Z ′2ε2/
√
n2] = Z ′2Ωε2Z2/n2

p→ Σz,ε2 . Re-

call the model under Assumption 1, but replace the first equation by its reduced form:

y1 = Z1ζ + X1γ + u1. Let δ = [ζ π]′. Under the exclusion restriction assumption, we have

the moment equality that

r(δ, β) = ζ − πβ = 0,

where ζ and π are estimated by ζ̂ = (Z ′1Z1)−1Z ′1y1 and π̂ = (Z ′2Z2)−1Z ′2w2, respectively.

Denote δ̂ = [ζ̂ π̂]′. It is easy to see that, for any β0,

√
n1

(
r(δ̂, β0)− r(δ, β0)

)
⇒ N (0,Σβ0) ,

where Σβ0 = Σ−1
1,ZZΣz,u1Σ

−1
1,ZZ + τβ2

0Σ−1
2,ZZΣz,ε2Σ

−1
2,ZZ is a k × k variance-covariance matrix.

Let û1i be the i-th entry of M[Z1:X1]y1, and ε̂2i be the i-th entry of M[Z2:X2]w2. Then Σ̂β0 =

n2
1

n1−k−p(Z ′1Z1)−1 (
∑n1

i=1 û
2
1iZ1iZ

′
1i) (Z ′1Z1)−1 + n1

n2

n2
2β

2
0

n2−k−p(Z ′2Z2)−1 (
∑n2

i=1 ε̂
2
2iZ2iZ

′
2i) (Z ′2Z2)−1 ≡

Σ̂ζ,β0 + n1

n2
β2

0Σ̂π,β0 is a consistent estimator of Σβ0 .

Following Magnusson (2010), the robust TSAR and TSK test statistics for H0 : β = β0

can be written as,

T1,robust = n1(ζ̂ − π̂β0)′Σ̂−1
β0

(ζ̂ − π̂β0),

T2,robust = n1

[
Σ̂
−1/2
β0

(ζ̂ − π̂β0)
]′
P

Σ̂
−1/2
β0

D̂β0

[
Σ̂
−1/2
β0

(ζ̂ − π̂β0)
]
,

where −D̂β0 = π̂ + n1

n2
β0Σ̂π,β0Σ̂

−1
β0

(ζ̂ − π̂β0) is a k × 1 vector. Under the null hypothesis,

T1,robust and T2,robust follow χ2(k) and χ2(1) distributions, respectively, and we reject the null

if T1,robust or T2,robust is larger than q1−α(k) or q1−α(1). Proof of this weak convergence result
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is a direct application of Theorem 3.2 of Magnusson (2010) and is hence omitted.

The robust TSCLR test statistic for H0 : β = β0, again by applying the results of

Magnusson (2010), is defined as

T3,robust =
1

2

[
T1,robust − q̂β0 +

[
(T1,robust + q̂β0)

2 − 4 (T1,robustq̂β0 − T2,robustq̂β0)
]1/2]

,

where q̂β0 = n1D̂
′
β0

(n1

n2
Σ̂π,β0 − (n1

n2
)2β2

0Σ̂π,β0Σ̂
−1
β0

Σ̂π,β0)
−1D̂β0 . Under the null hypothesis that

β = β0, T3,robust ⇒ 1
2

[
χ2(1) + χ2(k − 1)− qβ0 +

[
(χ2(1) + χ2(k − 1) + qβ0)

2 − 4χ2(k − 1)qβ0

]1/2
]
,

where χ2(1) and χ2(k− 1) are independent chi-squared distributed random variables with 1

and k − 1 degrees of freedom, respectively, given that q̂β0 = qβ0 . We will reject the null if

p(T3,robust; q̂β0) is smaller than α, where p(., .) is defined in Section 2.1.

Under the assumptions of homoskedasticity and equal moments of exogenous covariates,

Σβ0 could be estimated by Σ̄β0 = σ̂2
u1

(
Z′1Z1

n1
)−1 + n1

n2
β2

0(
Z′1Z1

n1
)−1σ̂2

ε2
. We show in the appendix

that all three robust test statistics (i.e. T1,robust, T2,robust, and T3,robust) reduce to the bench-

mark test statistics (i.e. T1, T2, and T3) when the robust variance-covariance matrix Σ̂β0

is replaced with Σ̄β0 . On the other hand, if the robust variance-covariance matrix Σ̂β0 is

replaced with Σ̌β0 = σ̂2
u1

(
Z′1Z1

n1
)−1 + n1

n2
β2

0(
Z′2Z2

n2
)−1σ̂2

ε2
, then we have a set of two-sample confi-

dence sets that assume homoskedasticity of error terms but are robust to unequal moments

of exogenous covariates.

Robust TSAR, TSK, and TSCLR confidence sets of β can be constructed by inverting the

robust TSAR, TSK, and TSCLR tests. R codes for computing the proposed benchmark and

robust versions of the tests and confidence sets are provided together with the paper. The

robust TSAR, TSK, and TSCLR confidence sets are computed using grid search, while the

benchmark confidence sets are computed following the fast computation method proposed

by Mikusheva and Poi (2006) for the classic one-sample AR, K and CLR confidence sets.

The above method focuses on the inference of β, the slope of the endogenous regressor.
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If joint inference of (β, γ1) is of interest, one could use the moment restrictions

ζ − πβ = 0,

γ − (ψ∗β + γ1) = 0,

to conduct the inference, since ζ, π, γ, and ψ∗ could all be estimated2 with known asymptotic

distributions of their estimators. In fact, the above discussion also illustrates the convenience

if the researcher is only interested in conducting inference for β, since in that case, one can

bypass the estimation for γ1 completely. If the researcher is only interested in inference of

γ1, one can start with the joint confidence set for (β, γ1) and use projection method to get

confidence interval for γ1.

Finally, we would like to point out that when the model is heteroskedastic, the link

between the attenuation bias of the TS2SLS estimator and the first stage F-statistic derived

in Section 2.4 no longer holds. Under general error covariance structure, one should consider

some other criteria for detecting weak first stage effects as discussed in Olea and Pflueger

(2013) for classic one-sample IV regression models.

3. Monte Carlo Simulations

This section examines small sample performance of the proposed tests and confidence inter-

vals using Monte Carlo simulations. Let k denote the number of instruments, ρ the degree

of correlation between the endogenous variable and the second stage error. First, we study

the benchmark TSAR, TSK, and TSCLR tests under the assumption of homoskedastic error

terms and equal moments of exogenous covariates. We compare the simulation performance

of proposed tests to the t-test discussed in Inoue and Solon (2010).

2Note ψ∗ is not directly estimable since w1 is not observed, but notice ψ∗ = ψ1 + (X ′1X1)−1X ′1Z̃1π and
we can rely on the first stage equation on w2 to estimate ψ1.
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DGP 1:

Dataset 1: Sample size n1 = 1, 000

Z1i ∼ N(0, Ik), (ε1i, e1i) ∼ N(0, I2), ε1i = ρε1i +
√

1− ρ2e1i, y1i = w1iβ + ε1i, w1i = Z1iπ + ε1i;

Dataset 2: Sample size n2 = 200

Z2i ∼ N(0, Ik), ε2i ∼ N(0, 1), w2i = Z2iπ + ε2i.

The first stage coefficient vector π is set to be
√
λ/(n2k) · ι where ι is a vector of k ones.

In the weak-IV literature, λ/k is called the concentration parameter and is used to capture

the strength of the instruments. We consider DGPs with k = 1, 5, 10 and λ/k = 1, 4, 16.

The degree of endogeneity ρ is set to be 0.1 throughout the simulations. Setting ρ = 0.1 is

without loss of generality because the two samples are independent of each other. For all

simulations, we use the 5% significance level and report the proportion of rejections among

a total of 5,000 repetitions.

First, we compare the benchmark TSAR, TSK, and TSCLR tests with two t-tests based

on the TS2SLS estimator. The first t-test is the standard t-test adopted in the empirical

literature applying the standard error correction in Inoue and Solon (2010). The second t-

test is the null-imposed t-test discussed in Section 2.2. Figure 1 compares the size properties

of these tests. Each graph in Figure 1 uses a different pair of (k, λ/k), and each graph plots

the rejection proportion against the variation of β. All tests summarized in Figure 1 are

carried out under the null. The results show that the proposed TSAR and TSCLR tests

control size well regardless of the values of β, k, and λ, while the t-tests have satisfactory

size-control only when the instruments are strong.

The standard t-test over-rejects severely when the instruments are weak. The null-

imposed t-test performs substantially better but still has sizable over-rejection unless k = 1
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or when H0 : β = 0 is tested. For the special case where k = 1, the null-imposed t-test, the

benchmark TSAR, TSK and TSCLR tests are all the same, as is shown in Section 2.2. For

significance testing, as is discussed in Section 2.2, the null-imposed t-test is equivalent to the

TSK test and therefore reaches asymptotic size control regardless of instrument strength.

One interesting observation in Figure 1 is that size distortion of the two t-tests is related

to the true value of β as well as the strength of instruments, or λ/k. This is related to the

attenuation bias of the TS2SLS estimator as is illustrated in equation (1). When β is large

in absolute value and the concentration parameter λ/k is small, the TS2SLS estimator has

a significant amount of bias, and hence the t-tests suffer from large size distortion.

Figure 2 evaluates the power performance of the null-imposed t-test, as well as the bench-

mark TSAR, TSK, and TSCLR tests under the null hypothesis H0 : β = 0. Since all the

tests are identical when k = 1, we only report the simulation results for k = 5 and 10. Also,

since the null hypothesis we consider here has β0 = 0, the power curves of the TSK test and

the null-imposed t-test coincide.

Figure 3 repeats the power analysis with a different null hypothesis H0 : β = 2. First,

we notice that the seemingly satisfactory power performance of the null-imposed t-test in

Figure 2 disappears when the null is no longer β = 0. Moreover, its power curve does not

correctly center around β = 2, where the test is supposed to have rejection rate equal to

the size, or 5%. Instead, the power curve shifts to the right, because the TS2SLS estimator

underestimates when β is positive. Holding β constant, the magnitude of the shifting (or the

attenuation bias) is larger when λ/k is smaller, as is predicted by the theoretical analysis.

When the instruments are strong with λ/k = 16, the null-imposed t-test and the TSCLR

test have similar power performances, although the power curve of the null-imposed t-test

is still slightly shifted to the right.

Figure 3 also shows that the power function of the proposed TSK test is not monotone.

The reason behind the non-monotonicity is that the sign of dβ appearing in the mean of
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the distribution of T∞, which is equal to the sign of a′Ω−1a0 = ββ0/σ
2
u1

+ 1/(σ2
ε2
τ), switches

with the value of β, unless β0 = 0. Note that the classic K test also has non-monotonic

power curve (see, for example, AMS06), unless the first and second stage error terms are

orthogonal. In the two-sample case, however, although the first and second stage error terms

are always orthogonal (as they come from two independent samples), the TSK test still has

non-monotonic power curve. Analytically, this is because Ω, the variance-covariance matrix

of the reduced-form error terms, takes a different form in the two-sample case than in the

classic one-sample case.

Both Figure 2 and Figure 3 suggest that the TSCLR test always has better power than

the TSAR and TSK tests. However, this is not uniformly true across all DGPs. Figure 4

uses DGP 1 with k = 2, λ/k = 0.5 and 1 and a large support of β values so that the

DGPs could be very far from the null model. Because the power of TSAR and TSCLR are

quite close, here we increase the sample size and use n1 = 5, 000, n2 = 1, 000 to produce a

smoother graph. Curves in Figure 4 are the ratio of rejection proportions between the TSAR

and the TSCLR test. When the ratio exceeds 1, the TSAR test has better power than the

TSCLR test. The figure illustrates that the TSAR test can have slightly better power than

the TSCLR test under certain DGPs when the degree of over-identification is small.

Besides simulation results for the benchmark two-sample tests, we also study the small

sample performance of proposed robust tests. We use the following DGP to simulate the
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data.

DGP 2:

Dataset 1: Sample size n1 = 1, 000

Z1i ∼ N(0, Ik), (ε1i, e1i) ∼ N(0, I2), ε1i = ρε1i +
√

1− ρ2e1i(Z1iπ)/
√
π′ι,

y1i = w1iβ + ε1i, w1i = Z1iπ + ε1i;

Dataset 2: Sample size n2 = 200

Z2i ∼ N(0, Ik), ε2i ∼ N(0, 1), w2i = Z2iπ + ε2i.

For the interest of space, we include Figures depicting the small sample performances in

the online appendix. In sum, we find that the proposed tests control size well under DGP 2

and have good power properties, while the benchmark tests show substantial size distortion

under DGP 2 when the homoskedasticity assumption is violated.

Last but not least, we report the small sample behavior of proposed weak-instrument

robust confidence sets under DGP 1 in Table 1. Panel A of Table 1 reports the coverage

property of the benchmark TSAR, TSK, TSCLR as well as the standard TS2SLS confidence

sets under DGP 1. As expected, we find the standard TS2SLS confidence interval under-

covers substantially when the instruments are weak. But even when the instruments are

not weak (λ/k = 16), the TS2SLS confidence interval still under-covers a fair bit when

β = ±2. This is because even a signal-to-total variance ratio that is close to one could result

in non-negligible attenuation bias if multiplied by a big β value. On the other hand, the

TSAR, TSK, and TSCLR confidence sets all have coverage rates around 95%. Panel B of the

table reports the number of bounded confidence sets among the 5,000 total simulations and

Panel C reports the average lengths of confidence sets conditional on boundedness. When

β = −2 and β = 0, it is clear that the TSCLR confidence set has a higher probability of

being bounded as well as a much shorter average length conditional on being bounded, when
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compared to the TSAR and TSK confidence sets. When β = 2, under DGP 1, the TSK

confidence set is sometimes seen to have slightly shorter average length (e.g. when k = 10

and λ/k = 1). However, we need to keep in mind that, as is discussed in Section 2.3, the

TSK confidence set only takes the form [x1, x2]∪ [x3, x4] when bounded. Therefore, although

the TSK confidence set may produce shorter confidence set in some situations, we still do

not recommend using it in practice.

In the online appendix, we also report the small sample properties of the robust confidence

sets for DGP 2. Again, all three robust confidence sets have coverage rates around 95%. The

proportion and average length of bounded confidence sets see similar patterns as in Table 1.

4. Empirical Examples

4.1. Intergenerational Income Elasticity

This section follows Olivetti and Paserman (2015) and studies the historical intergenerational

income elasticity between fathers and children of both sexes in the United States. Tradition-

ally, researchers interested in intergenerational mobility in economic status mainly focus on

the link between fathers and sons and overlook the link between fathers and daughters. This

is primarily due to data limitation since it is relatively easy to match fathers with sons by

first and last names but substantially more difficult to link fathers with daughters as women

change their last name upon marriage. Recently, Olivetti and Paserman (2015) propose to

create pseudo links between fathers and daughters utilizing the information about socioeco-

nomic status conveyed by daughters’ first names. Their method, as they state, is essentially

the TS2SLS estimation approach. For the first stage, fathers’ log earnings (w2) are regressed

on a full set of daughters’ first name dummies (Z2) and in the second stage son-in-law’s log

earnings (y1) are regressed on the cross-sample predicted fathers’ log earnings (ŵ1). This

TS2SLS approach is also used to study the father-son mobility in Olivetti and Paserman
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(2015) when linked historical data is unavailable.

The left panel of Figure 5 replicates the father-son-in-law elasticity found in Olivetti and

Paserman (2015) between 1850-1930. The last decade studied in Olivetti and Paserman

(2015) is not included because of data confidentiality. The TS2SLS estimator finds that

the father-son-in-law elasticity experienced two increases, one in 1870-1880, and another

bigger jump in 1900-1920. However, if we pay attention to the corresponding first stage F

statistics, we find that the F statistics also took a big jump in the 20th century. Considering

the attenuation bias of TS2SLS discussed in equation (1), it is likely that the second jump

in 1900-1920 is due to the attenuation bias. Besides, when the first stage effect is that weak,

the conventional inference based on Inoue and Solon (2010) is unreliable.

The middle panel of Figure 5 compares the confidence interval based on Inoue and Solon

(2010) with the benchmark TSCLR confidence interval. The TSCLR confidence interval is

always above the Inoue and Solon (2010) confidence interval, likely due to the attenuation

bias of TS2SLS resulted from the weak first stage effect. Moreover, the TSCLR confidence

interval only sees one jump in father-son-in-law elasticity: the income elasticity kept increas-

ing in the second half of the 19th century and then went downward in the first 30 years of

20th century.

However, both the Inoue and Solon (2010) and the benchmark TSCLR confidence inter-

vals rely on the assumption that the exogenous covariates have equal moments in the two

data samples. When tested3, we obtain very strong evidence for rejecting the assumption of

equal moments with p-values for each decades approximately zero (p < 0.0001). Therefore,

we report in the right panel of Figure 5 new confidence intervals that allow for unequal

moments of exogenous covariates. Under this setting, the time trend of father-son-in-law

elasticity further changes. The income elasticity kept roughly constant in the second half of

3Since all the instruments of this empirical example come from one categorical variable (given name
of individuals) and there are no other exogenous variables, testing the assumption of equal moments is
equivalent to testing the equality of two multinomial distributions.
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the 19th century and then went downward in the first 30 years of 20th century.

In Table 2 we repeat the analysis conducted in Figure 5 using different father-daughter

subsamples as well as some data samples from Olivetti and Paserman (2015) that study

the father-son elasticity. We again find that, due to the attenuation bias, the TSCLR

confidence intervals do not overlap with and generally lie above the Inoue and Solon (2010)

confidence interval. Moreover, our new inference method finds the historical father-son

income elasticity to be larger than the father-son-in-law elasticity, in contrast to the TS2SLS

estimates documented in Olivetti and Paserman (2015).

The robust TSCLR confidence interval is not reported in either Figure 5 or Table 2

because the original specification in Olivetti and Paserman (2015) results in perfect fit for

a number of individuals in either the first stage (regressing w2 on z2) or the reduced-form

(regressing y1 on z1) regressions4, and therefore, residuals cannot be properly estimated. To

obtain robust two-sample CLR confidence interval for this empirical application, one could

restrict the set of instruments to more popular first names. However, both the TS2SLS and

the TSCLR results seem to be quite sensitive to the way the restricted set of instruments

are defined in the empirical application.

Finally, we would like to point out that the TSCLR confidence intervals reported in this

section imply very large intergenerational income elasticity. This could be due to violations

of the exclusion restriction, also discussed in Olivetti and Paserman (2015), that parents

might engage in “aspirational naming”, a hypothesis that parents are more likely to assign

children high socioeconomic status names and at the same time push harder for their children

to succeed in the labor/marriage market. In the two decades where linked father-son data

4For example, in the regression reported in Table 2 for the intergenerational father-son elasticity in 1850-
1870, the original specification includes a total of 1,182 name dummies as instruments. 566 out of the
1,182 name dummies, however, only has one individual in either data sample. Moreover, among those name
dummies with more than one individuals observed in both data samples, some also sees no variation in log
earnings (i.e., either w2 or y1) due to data imputation. In total, 1,097 individuals have perfect fit in the first
stage, and 1,273 individuals have perfect fit in the second stage.
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are available (the last panel in Table 3 of Olivetti and Paserman, 2015), we test the over-

identifying assumption. For both decades, the over-identification test rejects with very small

p-values, although we need to emphasize that the over-identification test may also suffer

from over-rejection under weak identification.

4.2. The Effect of Public Housing Project

Currie and Yelowitz (2000) study the impact of public housing participation on housing

quality and educational attainment of children. Using the sex composition of the children as

the external instrument for households’ endogenous participation decisions, they find that

households who participate in the public housing project are less likely to live in high-density

complexes and that children in these households are less likely to have been held back. The

results in Currie and Yelowitz (2000) are important and influential as they overturn the

stereotype that housing projects have harmful effects on children in the participated house-

holds. In this section, we revisit Currie and Yelowitz (2000) and implement the proposed

inference method as a comparison. We find that all the major results in Currie and Yelowitz

(2000) stand, although our weak-instrument robust inference sometimes generates quite dif-

ferent confidence intervals compared to those reported.

The first panel of Table 3 focuses on the regression results reported in Table 4 of Currie

and Yelowitz (2000). Following their approach, the two-sample IV regression model uses

the Current Population Survey data in the first stage where the participation dummy (w2)

is regressed on the sex composition of children (Z2), a dummy variable equal to one if the

family has a boy and a girl, and other demographic controls (X2). In the second stage, the

public-use Census data is used, and various outcome variables (y1) are regressed on the cross-

sample predicted participation probability (ŵ1). The outcome variables of interest include

household monthly rental payments (Column 1), whether a family is overcrowded, defined as

having fewer than three living/bedrooms (Column 2), whether a family lives in high-density
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housing which is defined as a building with over 50 units (Column 3), and whether a child

has been held back one or more grades (Column 4). The sex composition of the children is

a valid instrument because a family with two boys would only be eligible for a two-bedroom

apartment in the public housing project while a family with one boy and one girl would be

qualified for a three-bedroom apartment. Meanwhile, the sex composition of children is not

expected to affect any of the four outcome variables directly.

Table 3 reports the 95% confidence interval of the effects of interests by using the TS2SLS

estimates and standard errors replicated from the first row of Table 4 in Currie and Yelowitz

(2000). The second and third rows report the 95% TS2SLS confidence interval using the

Inoue and Solon (2010) standard errors and the benchmark TSAR confidence set. Note

that both the Inoue and Solon and the benchmark TSAR methods assume homoskedasticity

and equal moments of exogenous covariates, but the latter is robust to weak instruments.

The fourth row of the table reports the 95% TSAR confidence set that is robust to het-

eroskedasticity and unequal moments of exogenous covariates. Notice that in this example

there is only one instrument, so the proposed two-sample AR, K, and CLR confidence sets

are identical.

We see from the table that all confidence intervals give qualitatively the same results,

indicating that households who participate in the public housing project are less likely to

be overcrowded or live in high-density complexes and that children in these households are

less likely to have been held back. As is in Currie and Yelowitz (2000), the last finding on

children outcome is only marginally significant at the 10% significance level. Quantitatively,

the proposed benchmark and robust TSAR confidence sets are very close to each other, indi-

cating that the homoskedasticity and equal moment assumptions imposed by the benchmark

methods are likely to hold with this empirical application. The TSAR confidence sets are

also wider than the Inoue and Solon confidence intervals and slightly shifted to the right,

due to the attenuation bias of the TS2SLS estimator.
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Table 4 repeats the robustness checks conducted in Table 5 of Currie and Yelowitz (2000).

Again, we find that the proposed confidence sets lead to qualitatively similar conclusions as

those made by Currie and Yelowitz (2000). When the first stage is very weak such as in

panel (F), the proposed weak-instrument robust confidence sets are unbounded.

5. Conclusion

This paper proposes weak-IV robust inference methods for two-sample linear IV regres-

sion models. In contrast to the conventional inference procedure (Inoue and Solon, 2010)

which relies on strong identification, our proposed methods are robust to weak identification.

Monte Carlo simulations show that the proposed inference methods have good small sample

properties. We apply the proposed methods to revisit the historical intergenerational in-

come elasticity in the United States following Olivetti and Paserman (2015) and the impact

of public housing participation on housing quality and educational attainment of children

following Currie and Yelowitz (2000).
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Table 1: Properties of 95% Benchmark Confidence Sets

TS2SLS TSAR TSCLR TSK
λ/k 1 4 16 1 4 16 1 4 16 1 4 16
Panel A: coverage of confidence sets
(a): β = −2
k = 1 0.767 0.833 0.806 0.947 0.955 0.947 0.947 0.955 0.947 0.947 0.955 0.947
k = 5 0.358 0.610 0.715 0.951 0.950 0.952 0.958 0.950 0.954 0.957 0.949 0.954
k = 10 0.137 0.453 0.662 0.948 0.944 0.943 0.946 0.944 0.950 0.947 0.945 0.950

(b): β = 0
k = 1 0.990 0.974 0.956 0.947 0.946 0.948 0.947 0.946 0.948 0.947 0.946 0.948
k = 5 0.961 0.954 0.947 0.947 0.955 0.952 0.950 0.949 0.946 0.953 0.950 0.946
k = 10 0.961 0.950 0.949 0.948 0.945 0.949 0.954 0.948 0.949 0.957 0.948 0.948

(c): β = 2
k = 1 0.788 0.840 0.819 0.946 0.951 0.950 0.946 0.951 0.950 0.946 0.951 0.950
k = 5 0.389 0.628 0.735 0.951 0.948 0.950 0.959 0.951 0.954 0.960 0.950 0.953
k = 10 0.165 0.473 0.685 0.952 0.945 0.944 0.949 0.949 0.946 0.949 0.949 0.946

Panel B: number of bounded confidence sets among 5,000 simulations
(a): β = −2
k = 1 5,000 5,000 5,000 854 2,648 4,901 854 2,648 4,901 854 2,648 4,901
k = 5 5,000 5,000 5,000 1,730 4,635 4,872 2,670 4,963 5,000 2,649 4,964 5,000
k = 10 5,000 5,000 5,000 2,525 4,818 4,811 4,075 5,000 5,000 4,032 5,000 5,000

(b): β = 0
k = 1 5,000 5,000 5,000 854 2,648 4,901 854 2,648 4,901 854 2,648 4,901
k = 5 5,000 5,000 5,000 1,804 4,682 4,874 1,732 4,712 5,000 843 2,116 3,419
k = 10 5,000 5,000 5,000 2,633 4,849 4,838 2,500 4,983 5,000 857 2,025 3,275

(c): β = 2
k = 1 5,000 5,000 5,000 854 2,648 4,901 854 2,648 4,901 854 2,648 4,901
k = 5 5,000 5,000 5,000 1,734 4,639 4,879 2,667 4,960 5,000 2,629 4,962 5,000
k = 10 5,000 5,000 5,000 2,546 4,816 4,812 4,066 4,999 5,000 4,014 4,999 5,000

Panel C: average length of bounded confidence sets
(a): β = −2
k = 1 22139.471 424.888 1.562 18.454 22.015 5.833 18.454 22.015 5.833 18.454 22.015 5.833
k = 5 1.584 1.045 0.562 63.889 8.984 1.514 43.287 3.988 1.065 33.216 4.175 1.086
k = 10 1.016 0.699 0.392 35.419 3.635 1.166 21.711 1.740 0.723 17.045 1.808 0.739

(b): β = 0
k = 1 4383.896 46.074 0.479 3.959 2.737 0.711 3.959 2.737 0.711 3.959 2.737 0.711
k = 5 0.641 0.373 0.194 22.791 0.999 0.286 2.858 0.798 0.212 17.771 21.124 45.920
k = 10 0.421 0.256 0.136 4.267 0.555 0.225 1.550 0.375 0.146 13.081 65.081 42.935

(c): β = 2
k = 1 19667.652 410.628 1.619 17.250 22.689 5.750 17.250 22.690 5.750 17.250 22.689 5.750
k = 5 1.686 1.099 0.589 102.310 9.230 1.535 32.389 4.068 1.083 29.497 6.792 1.109
k = 10 1.085 0.736 0.411 38.276 3.685 1.182 32.848 1.764 0.735 18.631 1.850 0.755

Notes: Sample sizes used in this simulation is n1 = 5, 000 and n2 = 1, 000. Results are based on 5,000 simulation
repetitions. Panel A reports the average coverage rate of 95% confidence sets. Panel B reports the average length of
bounded confidence set. Benchmark TSAR, TSK and TSCLR confidence sets are calculated using analytical formula.
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Table 2: Inter-Generational Elasticities, 1870 - 1930

Sample 1850-1870 1860-1880 1880-1900 1900-1920 1910-1930
(1) (2) (3) (4) (5)

Sons
Inoue and Solon (0.311, 0.390) (0.280, 0.346) (0.317, 0.371) (0.470, 0.521) (0.456, 0.495)
Benchmark TSCLR (0.689, 0.854) (0.688, 0.839) (0.798, 0.930) (1.104, 1.227) (0.867, 0.943)
TSCLR (Uneq. Mom.) (0.990, 1.250) (0.970, 1.180) (0.990, 1.150) (1.120, 1.240) (0.980, 1.060)
Sample Size 31,984/37,077 44,021/50,847 68,707/80,255 94,565/109,079 109,326/122,469

Son’s age 5-15
Inoue and Solon (0.291, 0.390) (0.235, 0.312) (0.285, 0.350) (0.378, 0.431) (0.378, 0.421)
Benchmark TSCLR (0.738, 0.983) (0.634, 0.826) (0.778, 0.952) (0.977, 1.121) (0.788, 0.881)
TSCLR (Uneq. Mom.) (1.020, 1.430) (0.910, 1.190) (0.920, 1.130) (1.010, 1.150) (0.890, 0.990)
Sample Size 20,523/24,116 27,024/32,376 43,864/53,156 61,478/75,765 70,438/83,051

Married sons
Inoue and Solon (0.235, 0.338) (0.300, 0.386) (0.344, 0.417) (0.442, 0.501) (0.420, 0.464)
Benchmark TSCLR (0.428, 0.598) (0.589, 0.745) (0.594, 0.718) (0.840, 0.951) (0.691, 0.762)
TSCLR (Uneq. Mom.) (0.780, 1.110) (0.960, 1.200) (0.880, 1.070) (0.980, 1.090) (0.860, 0.940)
Sample Size 31,424/17,912 43,445/24,510 67,377/36,521 93,164/57,570 108,104/67,138

Sons-in-law
Inoue and Solon (0.305, 0.375) (0.369, 0.433) (0.369, 0.430) (0.471, 0.515) (0.398, 0.431)
Benchmark TSCLR (0.468, 0.568) (0.607, 0.707) (0.741, 0.859) (0.722, 0.790) (0.601, 0.651)
TSCLR (Uneq. Mom.) (0.940, 1.170) (0.910, 1.080) (0.940, 1.070) (0.810, 0.880) (0.720, 0.770)
Sample Size 30,397/23,280 42,012/30,081 64,596/45,804 91,136/68,439 104,542/79,319

Daughter’s age 5-15
Inoue and Solon (0.307, 0.401) (0.320, 0.392) (0.289, 0.353) (0.425, 0.473) (0.379, 0.416)
Benchmark TSCLR (0.570, 0.731) (0.582, 0.704) (0.634, 0.764) (0.705, 0.785) (0.615, 0.675)
TSCLR (Uneq. Mom.) (0.930, 1.280) (1.010, 1.290) (0.890, 1.060) (0.820, 0.920) (0.730, 0.800)
Sample Size 19,497/16,650 25,728/21,774 41,272/34,370 59,624/52,532 67,639/60,577

Sons-in-law 20-35
Inoue and Solon (0.287, 0.370) (0.402, 0.477) (0.350, 0.422) (0.646, 0.514) (0.396, 0.435)
Benchmark TSCLR (0.403, 0.511) (0.609, 0.717) (0.615, 0.735) (0.657, 0.728) (0.555, 0.608)
TSCLR (Uneq. Mom.) (0.910, 1.170) (0.940, 1.130) (0.880, 1.030) (0.770, 0.850) (0.700, 0.750)
Sample Size 30,091/15,404 41,611/20,383 63,793/30,533 90,228/46,762 103,613/54,605

Notes: 90% confidence intervals/sets are reported following Olivetti and Paserman (2015). The rows indicating sample size report the
first/second stage sample sizes. Across all specifications, the total number of instruments ranges from 726 to 3,721 and the first stage
F statistic ranges from 1.51 to 3.39.

Table 3: The Effects of Project Participation on Children Outcomes: Baseline Specification

Rental Payment (1) Over-crowding (2) Dense building (3) Held back (4)
Currie and Yelowitz (0.256, 0.487) (-0.282, -0.037) (-0.207, -0.024) (-0.242, 0.019)
Inoue and Solon (0.151, 0.592) (-0.303, -0.016) (-0.222, -0.009) (-0.253, 0.030)
Benchmark TSAR (0.214, 0.784) (-0.373, -0.036) (-0.273, -0.023) (-0.312, 0.020)
Robust TSAR (0.210, 0.780) (-0.370, -0.036) (-0.270, -0.023) (-0.310, 0.019)
Sample Size 10,382/116,901 21,718/279,129 21,718/279,129 26,093/340,081

Notes: 95% confidence intervals/sets are reported. The rows indicating sample size report the first/second stage sample sizes.
The baseline specification control for child’s age and sex (in column 4), head’s age and its square, marital status, sex, race,
education level, and MSA-level controls for public housing supply. The first stage F statistics of the four columns are 15.03,
17.41, 17.41, and 9.57, respectively.
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Table 4: The Effects of Project Participation on Children Outcomes: Robustness Checks

Over-crowding (2) Dense building (3) Held back (4)
Panel (A) Excluding controls of household head’s education and marital status

Currie and Yelowitz (-0.295, -0.045) (-0.215, -0.028) (-0.245, 0.013)
Inoue and Solon (-0.319, -0.020) (-0.232, -0.011) (-0.257, 0.025)
Benchmark TSAR (-0.398, -0.043) (-0.289, -0.027) (-0.316, 0.013)
Robust TSAR (-0.400, -0.043) (-0.290, -0.027) (-0.310, 0.012)
Sample Size 21,718/279,129 21,718/279,129 26,093/340,081

Panel (B) Including additional controls of household income and its square
Currie and Yelowitz (-0.299, -0.042) (-0.218, -0.026) (-0.239, 0.018)
Inoue and Solon CI (-0.323, -0.018) (-0.235, -0.009) (-0.250, 0.028)
Bechmark TSAR (-0.406, -0.041) (-0.295, -0.025) (-0.304, 0.018)
Robust TSAR (-0.410, -0.041) (-0.300, -0.025) (-0.300, 0.017)
Sample Size 21,718/279,129 21,718/279,129 26,093/340,081

Panel (C) Head has high school or less
Currie and Yelowitz (-0.450, -0.103) (-0.285, -0.047) (-0.354, 0.030)
Inoue and Solon (-0.518, -0.035) (-0.322, -0.010) (-0.387, 0.063)
Benchmark TSAR (-0.785, -0.094) (-0.484, -0.044) (-0.716, 0.031)
Robust TSAR (-0.790, -0.094) (-0.490, -0.044) (-0.710, 0.030)
Sample Size 12,851/148,712 12,851/148,712 15,343/182,437

Panel (D) Head has at least some college
Currie and Yelowitz (-0.162, 0.181) (-0.199, 0.110) (-0.225, 0.107)
Inoue and Solon (-0.162, 0.181) (-0.202, 0.113) (-0.228, 0.110)
Benchmark TSAR (-0.225, 0.263) (-0.319, 0.139) (-0.291, 0.119)
Robust TSAR (-0.220, 0.260) (-0.320, 0.140) (-0.290, 0.120)
Sample Size 8,867/130,417 8,867/130,417 10,750/157,644

Panel (E) Households with income less than $25,000
Currie and Yelowitz (-0.417, -0.107) (-0.243, -0.018) (-0.270, -0.016)
Inoue and Solon (-0.479, -0.045) (-0.266, 0.005) (-0.294, 0.008)
Benchmark TSAR (-0.691, -0.097) (-0.375, -0.018) (-0.410, -0.016)
Robust TSAR (-0.690, -0.098) (-0.380, -0.018) (-0.410, -0.017)
Sample Size 10,363/114,711 10,363/114,711 11,844/134,926

Panel (F) Households with income between $25,000 and $50,000
Currie and Yelowitz (-0.345, 0.497) (-0.550, 0.137) (-0.773, 0.590)
Inoue and Solon (-0.352, 0.504) (-0.607, 0.193) (-0.782, 0.599)
Benchmark TSAR (-0.989, 8.230) (-19.822, 0.180) (-∞, ∞)
Robust TSAR (-∞, -16.670]∪[-1.200, ∞) (-∞, 0.180]∪[48.310, ∞) (-∞, ∞)
Sample Size 11,355/164,418 11,355/164,418 14,249/205,155

Panel (G) Expand sample to households with two to six children
Currie and Yelowitz (-0.340, -0.035) (-0.230, -0.009) (-0.338, -0.008)
Inoue and Solon (-0.380, 0.004) (-0.253, 0.014) (-0.375, 0.029)
Benchmark TSAR (-0.576, -0.033) (-0.379, -0.008) (-0.631, -0.008)
Robust TSAR (-0.550, -0.035) (-0.370, -0.008) (-0.600, -0.009)
Sample Size 34,421/449,506 34,421/449,506 56,290/724,777

Notes: 95% confidence intervals/sets are reported. The rows indicating sample size report the first/second stage sam-
ple sizes. Panel (C)-(G) control for child’s age and sex (in column 4), head’s age and its square, marital status, sex,
race, education level, and MSA-level controls for public housing supply. Panel (A) and (B) exclude variables measuring
household head’s education and marital status and includes additional measures of household income and its square,
respectively. The first stage F statistics range from 7.3 to 16.65, except for Panel II (F) column (2), (3), (4), where the
F statistics are 3.91, 3.91 and 2.71, respectively. When studying the child outcome specifications (column 4), Currie
and Yelowitz (2000) report standard errors clustered at the household level. In this table, all confidence intervals/sets
are calculated assuming i.i.d. Therefore, the reported Currie and Yelowitz confidence intervals are very close to but do
not exactly match the results reported in Table 4 and 5 of Currie and Yelowitz (2000).
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Figure 1: DGP 1: Size Comparison – k = 1, 5, 10, λ/k = 1, 4, 16
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Figure 2: DGP 1: Power Comparison – k = 5, 10, λ/k = 1, 4, 16 (H0 : β = 0)
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Figure 3: DGP 1: Power Comparison – k = 5, 10, λ/k = 1, 4, 16 (H0 : β = 2)
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Figure 4: DGP 1: Power Comparison Between AR and CLR – k = 2, λ/k = 0.5, 1
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Figure 5: Father-Son-in-law Elasticities in Occupational Income
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Notes: Data are from Olivetti and Paserman (2015). In all three graphs, the x-axis represents the year from which the
son-in-laws’ sample are drawn. In the left graph, the blue points are TS2SLS estimates of intergenerational elasticity of
occupational income, and the red points report the first stage F statistics of corresponding TS2SLS estimations. In the
middle and right graphs, the shaded areas are various 90% confidence intervals of Father-Son-in-law income elasticities.
Following Olivetti and Paserman (2015), occupational income is based on average earnings in the occupation in 1950.
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